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A stat is t ical  approach to the problem of sca lar  substance t ranspor t  in inhomogeneous 
turbulence is considered. Differential equations a re  derived for the "unknown" moments 
in the equations for one-point correlat ions.  Approximate expressions for nonisotropic 
two-point corre la t ion  tensors  are  used to close the equations. 

Let us examine one of the possible methods of s tat is t ical ly describing the t ranspor t  of sca lar  sub- 
stance ( temperature,  passive admixture concentration) for inhomogeneous turbulence in an incompressible  
fluid on the basis of equations for the one- and two-point corre la t ions  of the pulsating quantities, as well 
as the approximate expressions of nonisotropic two-point corre la t ion  tensors  for closely disposed points. 
The method proposed for closing the moment equations, including the scalar  substance, is analogous to 
the method used by the authors to analyze momentum t ransfer  in inhomogeneous turbulence [1]. 

1. The fundamental equations are:  the averaged equation of sca lar  substance t ransfer  in the form of 
the diffusion equation [2] 

OF + Uk OF + 0 
o--7- = (1) 

the equation of pulsating fluxes of the sca lar  substance [3, 4] 

0 0 OF ~ -  OUi 0 1 Op 02ui 0"27 
& ui? q- Uk - -  u~7 + uiuh - -  - -  + - -  uiuk? § 7 - -  - -  v ? - -  ~ = 0; (2) 

- -  Ox~ Oxk ' uhv Ox~ Ox~ -~- Ox~ Ox~ u~-3~2 k-  

the equation of the tr iple corre la t ions  in (2) 
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The fourth moments in (3) a re  expressed in t e rms  of the second of the Millionshchikov hypotheses [5] 

u~uhu17 = uiu h ul7 + uiul uk7 + u~7 u~ul . (4) 

Introducing the new coordinate sys tem [6] 

= (x~) B -  (X~)A, (x~)A~ _ __1 [(X)A + (X,,)~] , (S) 
~ 2 - 

let us represen t  the "unknown" corre la t ions  which charac te r ize  the change in pulsating fluxes of the sca lar  
substance in (2) and (3) because of molecular  effects,  as [1]: 
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Let us wr i te  the c o r ~ e ~ h e n s  containing the p ressure  pulsations as  [1]: 

(6) 

(7) 

(s) 

(9) 

Let us der ive  the different ia l  e~tuations for  the one-point  cor re la t ions  ~/'--p and ui~ / p in (8) ah4 (9). The 
~aitial equation is the Poisson  equation for  the p r e s s u r e  pulsations [2], f r o m  which the following equa-  
tions for  the des i red  cor re la t ions  a r e  eas i ly  obtained: 
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~Ibv re la t ionships  (6)-(5t a~d ~qs (lP}, (11) contain a ~ e ,  ~,I "unknown" t e r m s  wKie~ ~,~ differentia[  
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Taking account  of (4), (6)-(9), (12), and (13), let us wr i te  (2)~ (3), (10), and (11) as  
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Let  us examine the "unknown" cor re la t ions  in (15). 
hold for i so t ropy 

2 (--A~Q~,~4/~ 
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It can be shown that the following relat ionships 

(is) 
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a r e  dimensionless  coefficients  which a re  d i rec t ly  measurable  s ta t is t ical  charac te r i s t i c s  of the velocity 
and sca la r  substance fields. 

Taking account of one of the conditions imposed on homogeneous, nonisotropic cor re la t ion  tensors  [1] 

(Lop ..... , u~us ..... u~): = ( L~p ..... ,Q,i ...... )o, 

as well as (18) and (19), we obtain for  homogeneous nonisotropic turbulence 
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It follows from (20) that the system of equations (1), (14)-(17) which describes the t ransfer  of the 
scalar  substance flux in inhomogeneous turbulence is closed to the accuracy of two stat is t ical  coefficients 
S 1 and S 2 (which go over into S~ and S~ for isotropy), if only the problem of turbulent diffusion of the scalar  
substance is solved, i .e. ,  the problem of determining the root -mean-square  values of the scalar  substance 
72 in a field of inhomogeneous turbulence. Hence, the operator (--Ayy ')0 together with 72 defines the micro-  
scale of the scalar  substance pulsations in homogeneous nonisotropic turbulence 

1 
~.,,,~ : ~ ( -A~ vv )o, (22) 

which agrees ,  for isotropy, with the known mieroscale  of the temperature  field [7] 

6 y~ ' Or ~ ~.~ 

2. Let us consider the question of t ransfer  of the root -mean-square  scalar  substance pulsations in 
inhomogeneous turbulence. The fundamental equations are: the equation of a double one-point correlat ion 
of the scalar  substance pulsations [7] 

the equations of the triple correlat ions in (23) 

0 u~? ----~-?Ul 0 ~ - -  OU h OF 

0 O uku z 2-~h Y Ou~y 1 y~ Op y~ O~uh 022 = 0 .  (24) 

Here the correlat ion UkU/Y is described by (15). 
fortui ty with the Millionshchikov hypothesis, as 

u~,ul?~ = u~u l ~ + 2 uhy uly. 

Taking account of the new coordinate sys tem (5), let us write the correlat ions character izing the 
change in 72 and u-~  2 because of molecular effects in (23) and (24), and the correlat ion containing the 
pressure  in (24) as 

2~, ( 07 /2= 1 kA~V~-__2k(ht V-~)o, (26) 
Ox~ ] 2 
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Let us derive the differential  equation describing the change in the function (A~TT')o in a field of in- 
homogeneous turbulence. The start ing equation is the dynamic equation of two-point correlat ion of the 
scalar  substance in inhomogeneous turbulence [8], which is in the coordinates (5) 

o _ _ _  

\ A B 

The four th-order  moments in (24) are  represented in con- 

(25) 

- (u~w + ukv v) -}- + 2 AB 
- 7  , - -  I ---'  2 ~ h ~  ~ = o _ (.~v v -  .,,vv') - - T  ~ (A~)A" w - 0. (29) 
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P e r f o r m i n g  the opera t ion 0~,0~.~ 

pulations assoc ia ted  with introdueing the new coordinate  s y s t e m  (5): 

0 ) ) < ( 0 ,  ) <  

, 1 O=U~ 0 ~ - t -  1 - -  03F 

4 Oxgx  , axe, ~ u~,y Ox~Ox,Ox, 

t o Oxsaxn O~ ~ o o 

F u r t h e r m o r e ,  let  us der ive  the differential  equation for the one-point  co r re la t ion  y2p in (28). 

This equation is eas i ly  obtained f r o m  the Poisson  equation for the p re sgu re  pulsations [1] 

- -  L ou,. o 
4p AxPY~-~- 9 (A~PV'Y')~ axn a x ~  unv~ 

- - -  ( )]o oa (29), we obtain the foRowiag equation a f t e r  s imple  man i -  

- - 2 ~  a ) -ox,, ~ . Z ~ '  o - -  
1 0 ~ .. ( 0 ~ u~u,~y,y~ t = 0 .  

Using the p roper ty  of nonisotropic co r r e l a t i on  tensors  for nearby  points [6], we have 

U '  P t 
mY 7 = - -  UrnY'7 �9 

Moreover ,  there  follows f r o m  (31) for  homogeneous turbulence 
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---0, 

Taking account  of (25)-(28), (32), and (33), let  u~ wr i te  (23), (24), (30), and (31) as 
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(a6) 



1 A -=7.~ + aura O 1 O ~y~ 
4p ~ p~' " ~ " ~ u'~v~ - - - 4 "  u,~u,~ ax,.ax,. 

au~u. a ~  ~ O~umu~ a? ~ OUmU . ] 
+ ax. " ~  + v  ax~ax~ + ~  ax,~ / 

_ _  _ _  _ _  _ _  

1 a ~ u~? a urn? a u~y o ~ umv a u .y  o~_~? ] __ (37) 

Let us examine the unknown corre la t ions  in {36). It can be shown that the following relat ionships hold for  
isotropy: 
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where 
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a r e  dimensionless  s ta t is t ical  cha rac te r i s t i c s  of the random velocity and sca lar  substance fields. 

For  nonisotropic,  homogeneous turbulence we obtain by taking account of (38) and (39): 

0~s0~p0~ h uh~'y' - S~ - -  ~ ~ o 2 V 3 . . . .  0~s0~p o 

( 02. ) 5 S~-# 1 t/2 ( O' ---,~ 
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(40) 

where 

1 A 0 
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(41) 

There fore ,  
buleace, is closed to the accuracy  of the two s ta t is t ical  coefficients Sy and S~ which goes over ,  for  i so-  
t ropy,  into the coefficients S~ and S~. 

Let us note that est imated values of the s tat is t ical  coefficients represen ted  by (19) and (39) can be 
obtained for  isotropic  turbulence. Indeed, by using the general  inequality which is valid for  any random 
functions f~ and f2 

It~l < ( ~ ' ~  (tT "~ 
the coefficients S~, 82, and S~ can be est imated as follows: 

the sys tem (34)-(37) which descr ibes  the t rans fe r  of y2 in a field of inhomogeneous tu r -  

(42) 
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where ,  as  has been shown in [9], the las t  inequali ty can be re inforced  

, ~ 2 ~1/2 21/5 (43) 
[ S v I ' " Y  "v = 3 

The second of the coefficients  (39) can be es t imated  by using the f i r s t  Kolmogorov hypothesis  on se l f -  
s imi la r i ty .  It hence follows f r o m  (36) under the i so t ropy  condition that 

S~ = - - - - 3  , (44) 
2 Sv" 

The express ions  (42), (43), and (44) can a lso  be used as rough e s t ima te s  of the coefficients  S1, $2, S.y, and 
S~ of homogeneous nonisotropie turbulence.  For  a m o r e  r igorous  de te rmina t ion  of the numer ica l  values of 
these  coeff icients  it  is n e c e s s a r y  to r e ly  on exper imenta l  r e su l t s  on the m e a s u r e m e n t  of the quantit ies 
therein.  

xi 
7 

U i 
ui 
F 

7 
P 
P 
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( )o  
Ax, A~ 
( ) ,  

Pi,k* = - (1/3) (02f/0r2)o6ik; 
f :- UrUS/U2 

g : h n U h / ~  
Ur,  Un 

Qik,7 = (UiUkT')*; 
f* 
R~ = ~-~-~/~2 

(~v/4 
] \ox~) 

\axr/  J 

N O T A  T I O N  

are  the Car tes ian  coordinates  (i = 1 ,2 ,3) ;  
is  the t ime; 
is the averaged  velocity;  
a re  the veloci ty  pulsat ions ; 
is  the sca l a r  substance ( tempera ture ,  concentrat ion);  
is the s ca l a r  substance  pulsation; 
is the density; 
is the coefficient  of k inemat ic  v iscos i ty ;  
is the coefficient  of molecu la r  t r an s f e r  ( t empera ture  conductivity or diffusion); 
a r e  the two-point  co r re la t ion  points; 
is the notation of opera t ions  at ~ = 0; 
a r e  the Laplace ope ra to r s  inthe x i and ~i space,  respec t ive ly ;  
is the notation of functions at the point B; 

is the longitudinal co r re la t ion  coefficient;  

is the t r a n s v e r s e  co r re l a t ion  coefficient; 
a r e  the veloci ty  components  normal  to and along the radius  vec tor  between two 
point s; 

is the notation of functions in isot ropy;  
is the co r re l a t ion  coefficient  of s ca l a r  substance  pulsations; 

is the flatness factor of the probability density distribution of the derivatives of 
the scalar substance pulsations. 
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